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Abstract: The single valued neutrosophic probabilistic hesitant fuzzy rough Einstein aggregation 
operator (SV-NPHFRE-AO) is an extension of the neutrosophic probabilistic hesitant fuzzy rough 
set theory. It is a powerful decision-making tool that combines the concepts of neutrosophic logic, 
probability theory, hesitant fuzzy sets, rough sets, and Einstein aggregation operators. SV-NPHFRE- 
AO can be applied in many fields, including livestock decision making. Making judgments about 
a wide range of issues, including feed formulation, breeding program design, disease diagnostics, 
and market analysis, is part of the process of managing livestock. By combining data from many 
sources, SV-NPHFRE-AO can assist decision-makers in livestock management in integrating and 
evaluating diverse criteria, which can result in more informed choices. It also provides a more 
accurate and comprehensive representation of decision-making problems by considering the multiple 
criteria involved and the relationships between them. The single valued neutrosophic set (SV- 
NS) aggregation operators (AOs) based on Einstein properties using hesitant fuzzy sets (HFSs) 
and probabilistic hesitant fuzzy sets (PHFSs) with rough sets (RSs) are proposed in this study and 
can handle a large volume of data, making them suitable for complex and large-scale livestock 
decision-making problems. We first defined SV-neutrosophic probabilistic hesitant fuzzy rough 
weighted averaging (SV-NPHFRWA), SV-neutrosophic probabilistic hesitant fuzzy rough weighted 
geometric (SV-NPHFRWG), SV-neutrosophic probabilistic hesitant fuzzy rough ordered weighted 
averaging (5У-МРНЕКОУУА) and SV-neutrosophic probabilistic hesitant fuzzy rough hybrid weighted 
averaging (SV-NPHFRHWA) AOs. Then, based on Einstein properties, we extended these operators 
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and developed the single-valued neutrosophic probabilistic hesitant fuzzy rough Einstein weighted 
averaging (SV-NPHFREWA) operator. Additionally, an illustrative scenario to show the applicability 
of the suggested decision-making approach is provided, along with a sensitivity analysis and 
comparison analysis, which demonstrate that its outcomes are realistic and reliable. We also provide 
another relation between criteria and alternatives of decision-making using neutrosophic information 
with quaternion context. By using such type of operators, livestock managers can make more informed 
decisions, leading to better animal health, higher productivity, and increased profitability. 


Keywords: neutrosophic information; Einstein aggregation operators; probabilistic hesitant 
information; rough sets; multi-criteria decision-making 
Mathematics Subject Classification: 03B52, 03E72 


1. Introduction 


Fuzzy set theory (FST) is a potent tool that can be used to handle difficult decision-making problems 
involving numerous criteria [1]. This method is known as multi-criteria decision-making (MCDM). 
There are several situations in livestock management where MCDM with FST can be used. It can 
be used in feed formulation to choose the best mixture of feed ingredients that meets the nutritional 
needs of the animals while lowering the cost. The technique can be used to assess various feed 
formulations based on numerous factors such as nutritional value, digestibility, and cost. FST can 
also be utilized to reflect the uncertainty and ambiguity in the nutritional requirements of the animals. 
In breeding program design, it can also be used to select the best breeding strategy that maximizes 
the genetic potential of the animals while minimizing the risk of inbreeding. FST can be used to 
model the uncertainty and vagueness in the genetic parameters, and the MCDM strategy can be used to 
evaluate different breeding strategies based on multiple criteria such as genetic diversity, productivity, 
and genetic risk [2, 3]. 

In disease diagnosis, MCDM can be used to identify the best treatment strategy that maximizes 
the chances of recovery while minimizing the risk of side effects. This theory can be used to model 
the uncertainty and vagueness in the symptoms and diagnostic test results, and the MCDM method 
can be used to evaluate different treatment strategies based on multiple criteria such as effectiveness, 
safety, and cost. In market analysis, this type of methodology can be used to identify the best 
marketing strategy that maximizes the profitability of the livestock business while minimizing the 
risk of losses. Fuzzy set theory can be used to model the uncertainty and vagueness in the market 
conditions and customer preferences, and the MCDM technique can be used to evaluate different 
marketing strategies based on multiple criteria such as profitability, market share, and customer 
satisfaction. By incorporating the principles of fuzzy set theory and MCDM, livestock managers can 
make more informed decisions based on multiple criteria and handle the uncertainty and vagueness 
that are inherent in many livestock management problems [4, 5]. 

A group of elements (objects) having fuzzy boundaries is represented mathematically as a fuzzy set 
(FS), which allows for the possibility of a gradual change in an element’s belongingness to a group, 
from fully belonging to not belonging. This concept is put forth in the fuzzy sets theory as a means 
of mathematically expressing fuzzy concepts that individuals use to explain, among other things, how 
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they view real systems, their preferences, and goals [6,7]. One can select the most effective food loss 
and waste drivers to promote sustainability by applying fuzzy decision theory. Systems for reducing 
food loss and waste face numerous difficulties that make it difficult to select the appropriate course 
of action. When dealing with unstructured scenarios in decision-making situations, classic or crisp 
methods may not always be the most effective. In 1965, Zadeh [8] designed fuzzy sets (FS) as a 
method to deal with this contradiction. In FSs, Zadeh assigns membership grades in the range (0, 1] 
to a set of components. Since many of the set theoretic components of crisp conditions were given for 
fuzzy sets, Zadeh’s work on this area is noteworthy [9]. 

An improved version of the fuzzy set (FS) that contains membership and non-membership degrees 
was the intuitionistic fuzzy set (IFS), which was the subject of Atanassov’s [10] research. Over the 
past few decades, IFSs have been demonstrated to be helpful and frequently used by academics to 
assess uncertainty and instability in data. A single-valued neutrosophic set (SV-NS), which can deal 
with inaccurate, ambiguous, and incompatible data issues, was proposed by Wang et al. [11]. SV-NS 
has received a lot of attention from academics because it is a potent universal systematic approach. Ye 
discussed the correlation and information energy of SV-NSs in [12]. The use of SV-NSs as a decision- 
making tool was subsequently investigated by many researchers [13-15]. The idea of a neutrosophic 
rough set (RS) has been described [16], as a the generalization of fuzzy rough sets (FRSs). 

Despite the fact that these methods effectively capture uncertainty, they are unable to simulate 
circumstances where an expert’s refusal to make a conclusion plays a significant role. Consider a 
scenario where a panel of six experts is asked to choose the best applicant throughout the hiring 
process, but two of them decline to make a choice. The number of decision makers is regarded to 
be 4 as opposed to 6, i.e., the refusal-providing professionals are completely disregarded, and the 
decision is established using the responses given by the 4 determination-providing experts only, when 
analyzing the informative data using the existing methodologies [17]. This leads to a huge loss of 
knowledge and might produce subpar outcomes. Zhu and Xu [18] developed probabilistic hesitant 
fuzzy sets (PHFSs) to handle such refusal-oriented instances. The review makes it obvious that (1) 
the HFS is a dynamic support structure with a capacity to reduce subjective randomness, (ii) it also 
makes it easier for experts to gain insight into preferences, and (11) it ignores the likelihood that each 
element will occur. Zhou and Xu [19] proposed a generalized structure known as probabilistic hesitant 
fuzzy information (РНЕТ) that assigns an occurrence probability to each element in response to the 
claims stated in the systematic review. By doing this, it is possible to determine the confidence of each 
element, which serves as potential data for MCDM [20]. 

When making decisions, especially in MCDM, where several criteria or considerations must be 
taken into account, aggregation operators (AOs) are essential. The knowledge or preferences of 
decision-makers or stake holders are combined using aggregate operators to get an overall score or 
ranking for each alternative under consideration. The ordered weighted averaging (OWA), weighted 
product, weighted average, and Choquet integral are some common AOs used in MCDM [21-23]. 
Depending on the preferences of the decision maker and the characteristics of the choice problem, 
these operators have various qualities and are useful for various decision-making scenarios. 

The Einstein aggregation operator (ЕАО) is a powerful and flexible aggregation operator used in 
MCDM. It was introduced by C. Carlsson and R. Fuller [24] in 2001 ав an extension of the well-known 
weighted average operator. One of the unique features of the EAO is that it allows the decision maker to 
specify a set of "aggregation weights" for each criterion, which represent the relative importance of that 
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criterion compared to the others. These weights can be different for each alternative being considered, 
and can even vary across different levels or dimensions of the criteria. In order to more accurately 
represent complex and uncertain decision-making problems, neutrosophic information with quaternion 
context and a hybrid model that combines various uncertainty measures and builds a relationship 
between alternatives and criteria are also presented. The literature still lacks research on the new 
operators for decision-making used in this study. The creation of novel AOs is specifically required 
in order to manage the complexity and inherent uncertainty of decision-making situations employing 
SV-NPHFRS in a more effective and efficient manner. There is a need for their application to larger 
and more sophisticated decision-making situations, as the previous literature has mostly concentrated 
on using these AOs to solve small-scale decision-making challenges. The potential of these AOs 
in domains other than decision-making, such as forecasting and pattern recognition, also needs to be 
investigated. The development of new operators for S V-NPHFRS that can better capture the complexity 
and uncertainty of decision-making problems, as well as assessing their efficacy on larger and more 
complicated decision-making problems, could thus be the main areas of future research. To fully 
explore their potential and limitations, research on the use of these operators in contexts other than 
decision-making is also necessary. Based оп SV-neutrosophic rough sets (SV-NRSs), in this article, 
we propose some new АОв because of the following reasons: 


(1) Decision-makers have more discretion as a result of SV-NPHFRE-AO’s integration of neutrosophic 
logic, probability theory, hesitant fuzzy sets, rough sets, and Einstein aggregation operator. 


(2) SV-NPHFRE-AO can handle different types of information, such as qualitative and quantitative 
data, linguistic terms, and probabilistic information, which gives more flexibility in decision- 
making. 


(3) SV-NPHFRE-AO can integrate multiple criteria in decision making, allowing decision-makers to 
consider multiple factors that are relevant to the decision problem. This is important because 
many real-world decisions involve multiple factors that must be considered, and SV-NPHFRE- 
AO can help decision-makers to prioritize and weigh these factors appropriately. 


(4) For first evaluation, SV-neutrosophic weighted averaging (SV-NWA) and SV-neutrosophic 
weighted geometric (SV-NWG) AOs are unable to take into account the familiarity of experts 
with the investigated items, while SV-NPHFREWA and SV-NPHFREOWA AOs may. 


(5) This article sought to address more complicated and advanced data due to the clarity of the 
SV-NPHFREWA апа SV-NPHFREOWA AOs and the fact that they cover the decision-making 
technique. 


(6) We also use the neutrosophic data in quaternion context to find the relationship between the 
decision making objectives. 


(7) Two types of information are typically needed from evaluation specialists in real-world decision- 
making challenges (called Positive and Negative): Performance of the assessment objects and 
expertise in the evaluation sectors. All currently used methods only consider positive data and 
lack negative information in the experts’ assessments. The proposed work covers the limitation 
of all existing drawbacks. 
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Consequently, the following аге (һе research’s results: 


е To begin, we recognize from the scientific literature the theory of SV-neutrosophic probabilistic 
hesitant fuzzy rough sets. 

e We undertake the development of new AOs like SV-NPHFREWA апа SV-NPHFREOWA AOs. 

e An illustrative scenario to show the applicability of the suggested decision-making approach is 
provided, along with a sensitivity analysis and comparison analysis, that demonstrate that its 
outcomes are realistic and reliable. 


2. Preliminaries 


Let us through the basics of fuzzy sets, including intuitionistic fuzzy sets, neutrosophic sets, single- 
valued neutrosophic sets, and probabilistic fuzzy sets, in this part. Once they have been vetted, these 
ideas will be applied here. 


Definition 1. For a fixed set B, a FS [8] 3 in B is denoted as 


I = (5,05 (6) 1% € б}, 


where each &, € В, the membership grade vs : B > A specifies the degree to which the element 6, € J, 
where A = [0, 1] is the interval. 


Definition 2. For a fixed set В, an IFS [10] Ў in B is mathematically described as 


5 = {(&, us (&) , тя (8216 € B). 


For each 6, € В, the membership grade vs : B — A and the non-membership grade ту : B > A 
specify the membership апа non-membership of &, to the intuitionistic fuzzy set Ў, respectively, where 
A = [0, 1] is the unit interval. Moreover, it is required that Ò < vs (£y) + Ts (6,) < 1, for each 6, € В. 


Definition 3. Let N be a fixed set, and 6, е М. A neutrosophic set [11] ç іп N is denoted as 
belongingness function vs (6,), an indeterminacy function Ts (£j) and а non-belongingness function 
Ys (&). vs (д), Ts (6) and Ys (&) are real subsets of 1071 and 


vs (&). тэ (ё»), Ys (&) : N — (011 
The representation of neutrosophic set (NS) ç is mathematically defined as: 
S = {Sb 05 (ё»), тэ (6) , Ys (60) lé € N}, 


where 
0 < é, vs (&) тя (E) + Ys (&) < 37. 


Definition 4. /77, 25] Let N be a fixed set апа 6, е N. A single-valued neutrosophic set (SV-NS) B 
in N is defined as truth membership grade vs (6,), an indeterminacy membership grade Ts (&) and a 
falsity membership grade Ys (£y). vs (£y) , Ts (£y) and Y (é) are real subsets of [0, 1], and 


Us (&) , тэ (д5), Ys (б): — [0,1]. 


AIMS Mathematics Volume 8, Issue 9, 20612-20653. 


20617 


The representation of single valued neutrosophic set (SV-NS) В is mathematically defined as: 


В = {‹ду, vs (&) тэ (6,), Ys (80716 € М), 


where 
0 < vs (&) + Ts (&) + Ү5(6) € 3. 


Definition 5. For a fixed set В, a probabilistic fuzzy set (PFS) [26, 27] Ә in B is presented as 


3-10,(00/5)16 el. 


where (£y) a subset of (0, 1], апа (&) /E, represents the membership degree of 6, € В in S. And E, 
represent the possibilities оў (£y), with constraint that У, E, = 1. 


Definition 6. А quaternion neutrosophic set (ОМ5) is given by No : N => [0,1] such that 
No(éi + tj + Yk) = min(X(£), Y), ZO) 


for some (£, v, Y) е Мо and X,Y,Z € Ryo where Ryo is a quaternion neutrosophic set. For better 
understanding X, is called the membership function, Y is called the indeterminacy function, and 
Z is called the non membership function. Here the function satisfied the following condition for a 
quaternion neutrosophic set (QNS) as 


0<é4+7+7 <3 


and 
(É, t, Y) > [0, 1]. 


Definition 7. Let 9; = (v, /Е ‚т /о,, Y, /ó, ) and 32 = (u,/E,,7,/a,, Y, /¢,) be two SV-NPFNs. The 
basic operational laws [28, 29] are defined as 
U (тах(&/21,8/52)), U = (min(Ai/wui, А2/2)), 
гем, екі NET ае 


1) 9, 09, = éreu, Ezez, 2670207, 
(1) 3, 2 U (штіп(о1/ф1,02/2)) 


e EY 191694 
0,ЄҮ, её 
U  &Gin(Z;/E;, £)/5)), U (тах(Л1/ғ71, A2/@2)), 
белі. екі A ET ге 1 
Eez. A, €T, œ, c T 
(2) 20,024 form аі , 
U (шах(01/01,02/02)) 
0, EY 191694 
0» ЄҮ, еб 


(3) I: = [У /ф,т, /о, и, /Е). 


Definition 8. Let З, -(у1/51,т1/071,11/1) and 9, = (0/50, T2/@2, Т/ф) 
be two SV-neutrosophic probabilistic hesitant fuzzy numbers (SV-NPHFNs) and n > 0 (е R). Then, 
their operations [30] are presented as: 
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U (Ci +62 - 6162/E1 E), 
1 Evy ,É2EV2 
E €81 E9642 


U (A, AÀ2/ 0,0»), 
а) 3,09, = AIET „A, ета > 


1 
аса] “02602 


Ü (о102/9102) 


01€ Y 1,0, € Y? 
$1€61.02€02 
(2,62/51%5). 
беу = 
a жез» 
(A1 + A2 — A1A5/],0»2) 
(2) 3, 9 J, = = MET, A ET2 9 


iem үүн 


(01 + 02 — 0102/9102) 
сіе Ті ас 
ф16і,2еф> 


Е Ete NET, geo, 0, €Y деді 


(3) i U 04-4-ау/ 0. U (Alm) U ue. 


(4) =| U (Hm). U (Mei). U а-а гома, 


Evi, Biez] A1€T1,U1eg, 0, EY 691 


Definition 9. /31, 32] For апу SV-NPHFN $Ï = (vel Ey, Te / 0, Ге / Ф) , а score function can defined 
as 
р(9) = (+ 2 beu s E 2650, (És * &)- (= лут, тет, (А; g 29) 
E оета, dedi, (0; · Ф)) 
where Ms represents the number of elements іп ve, Ns represents the number of elements іп тг, and 


Zs represents the number of elements in Ye.. 


Definition 10. /37/ For any SV-NPHFN $ = (2 /8,, те Га, Үе,/ $s) , an accuracy function is defined 
as 


(2.1) 


1 = 1 А 
(s: 2 ew, ze, (213 з) + (x: 2 Neri memi, (A; 2) 
1 
+ (2 2 ose Tr, фед, (0; É Ф) 


where Ms represents the number of elements іп иг, Ns represents the number of elements in тг, and 
Zs represents the number of elements in Т... 


&(3) = 


Definition 11. Ler 3; = (va, /8, rs, /®,, Үл, [s and Bo = (ve, Er Ta 1. Ye, 1, 

be two SV-NPHFNs. Then, by using the above definition, comparison of SV-NPHFNs can be described 

as 

(1) If p(31) > р(Әз), then S, > $. 

(2) If p(Ï1) = р(Ә2), and 691) > (32), then S, > $. 

Definition 12. Let J- = (va, [By Te, А /%,) (T =1,2,....., p) be any group of 
SV-NPHFNs, and Г = (11,1, "mes d are the weights of 3+ € [0, 1] with M т = 1. Then, we 

have the following. 
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(1) Тһе SV-neutrosophic probabilistic hesitant fuzzy weighted averaging (SV-NPHFWA) AO [33] сап 
be described as SV-NPHFWA 


: U 1-IPE ,(1-£5,) " /IP. (Зэс, 
ÉTEVJI-L 
Eg, E297 
Пп? (As. /П? , 
ee va ( ») | ч 1 (2.2) 


Tg EVIL 


U (os) /IP. jos, 


es, € Ys, 
Фэ. EOS 


(98:55:92 


(2) The SV-neutrosophic probabilistic hesitant fuzzy weighted geometric (SV-NPHFWG) АО [33] 
can be described as SV-NPHFWG 


Я U п, (é5,)"" с 
&тЄ®з-+ 
Egs, EES, Ё 
1-П? ,(1— А5.) " /IÉ. 0s, 
(Ji, 32, ...., J p) = ца та! Е (2.3) 
Tg, EVIL 
91-І? 1(1-оз.) 7 ЛІ". ids, 
057 €Ys, 
Jo, ós 


Definition 13. Let 3, = (vs, /5., The [T> Ys. / $.) (T = 1,2,....., p) be any group of SV-NPHFNs, 
Iac be the jth largest in them and T = (Гу, D», ...., Го)! be the weights of Ï+ € [0,1] with Y^, T, = 1. 
Then, the SV-neutrosophic probabilistic hesitant fuzzy ordered weighted averaging (SV-NPHFOWA) 
AO can be described as 


SV —-NPHFOWA(S,, J2,...., ЭЭ) (2.4) 
riam € 5340, Ө..... ӨГ, р) 
r+ = 
01-І” (1- £22) TE a NE 


Esam VIn 


= EE 
Элст) — 3A) 
Гт 


U п, (А...) A ms. 


^ ET 
Улт) JAT) 


€ 
зт) Эд) е 
с; 
ЛЕ КЛЕТ ШЕ 
U т=1 V ^ дт) / таб 


Y е 
IAT) Esm 


е 
IAT) | IAT) 


Definition 14. Let 3 = (ve /5,,,тд, / y, Үд, /0,, ) (T = 1,2, P) 

be any group of SV-NHFNs, Sac is the jth largest of Sy) = рГтЎт (Т = 1,2,.....,p). Then, 
the following aggregation operator with aggregation-associated vector Г = (T1,T2,...., ГЬ)! where 
Г; є [0,1], У? Г: = 1, сап be described: 
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SV-neutrosophic probabilistic hesitant fuzzy hybrid weighted averaging (SV-NPHFHWA) AO [33] 


SV - МНЕНУАСЎІ, Ў», ...., Ў») (2.5) 


| 
21 
са 
2 
Ф 
= 
N 
са 
2 
S 
Ф 
Ф 
“Ч 
"S 
са 
2 
= 


É Ж 
U 1- Ht, (1 i Ex HE, 


FIAT) SAC) 
ч ен 
IAT) IAO) 
Гт 
P P 
U IE 4 (А...) ІП, 


А єт 
SA) JAT) 
10 ET 
Элст) JAC) 


Гт 
U п. (г...) шалт 


230 
зт)" SA) 


JIA)? 


е 
IAT) ` JAT) 


3. Construction of single valued neutrosophic probabilistic hesitant fuzzy rough sets 


The single valued neutrosophic probabilistic hesitant fuzzy rough set (SV-NPHFRS) is a hybrid 
structure of rough set that we present here. We also introduce the SV-NPHFRS’s scoring and accuracy 
features, as well as its basic operational rules. 


Definition 15. Assume universal set Ü and let 3 є SV — NPHFRS(U x Ü) bea SV = NPHF 
relation. The pair (0,9) represents a SV — NPHF approximation space. Assume € be any subset 
of SV = NPHS(U) i.e, € C SV — NPHS(U). Then, on the bases of SV - NPHF approximation 
space (Й, 3), the lower and upper approximations of € are represented as 3(€) апа 3(€), given as the 
following: 

IO) = (оз (0/8, Ng (09/ Fay Чуе МФ») lo € Ü), 


5(0) = (о, Usqy(0)/ E, As(p(0)/9,.,, Тэо), NO е Ü}, 


where 
Vol) Eo = Vienlvs(m. D/E,, V USO) Zen 
AAO) TD = /ео| 80:1)/,,, ^ AsO/T..l, 
Тае, = АС д/ф, ^ Y 5(0/0,,,]. 
vsq(0)/€,, = Meülvs lo, )/ цы ^ VIAE], 
Аз (07/ 07, = ^rülAs(o, D/m, ^ As(f)/ m, ], 
Тэо(07/9,, = УкюйГҮ5(0,1)/9,,, V Үз(0/9,,1, 
such that 
0 < Vi, NON E, + Ago lO) T ro + ETAD <3, 
and 


0< Usqp(0)/E,,, + As(p(0)/9$,., + TIA) Puo <3. 
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As 3(€) and 700) are SV — NFS s, so IO, IO : SV =NFS(Ü) => SV – NFS (Ü) are upper and 
lower approximation operators. So, the pair 


(c. (аа, Эв (07)/ 7, o> Үзо(9)/%,„)) 272) 
(ше Ие No OÒ! а 17091277) 
is called a SV — NPHF rough set. For simplicity, it can be denoted as 


Lao! до» Фес) [Tug Оло» /ф | 
(Ог ЦЭЭЖ 9 Ац» [Tus 9 Yeo) Oxo) 


ID = (960), IA) = | 


IO) = (800). IO) = | 


"Y Un, [E 2 Ney [© "ET Ur [Exo Ney Га с»)? 
Definition 16. Assume Жү = | й Y prey" O? | and $$, = ца Y и” “Вэ? D? | be two 
ба, Dice, lR, ы» 


SV-NPHFNSs. The following are the basic set theoretic operations: 


(1) Х,05,- U max (О1, 05), U min (vi, Уэ), U min (41, 45) ў, 
U1 veg Eton) уте а) ете дар 
52е l tog) ЫТЫ 425 са, Peer) 

(2) R, п, = U min (O,, U2), U max (vi, У»), U max (41, 45) ў, 
беш) О ЖЫ 1277 ШЫ ау) 
Эзен, Га») эеле, 172 iu lbo) 


(3) RE = ['Y4, б Ае, ! Pee» tg ГЕ): 


Definition 17. Assume X is the universal set апа h с Ê x ® is a (crisp) relation. Then, we have the 
following basic crisp sets properties. 

(1) ћ is reflexive if (O, ©) € h, for each Ф е Ж; 

(2) h is symmetric if ҮӨ,а е KR, (©, a) е hi, then (a, O) € fh; 

(3) h is transitive іў V O,a, b € Ж, (QO, a) е Ж and (a, b) e h — (O,b) € h. 

Here, the reflexive, transitive and symmetric properties are same as the crisp sets. 


Definition 18. Assume F is the universal set. Then, any subset h € SV = NPHFRS(F х F) is said 
to be an SV- neutrosophic probabilistic hesitant fuzzy relation. The pair (F, h) is called a SV-NPHFRS 
approximation space. If for апу А C SV - NPHFRS(F), then the upper and lower approximations of 
A with respect to SV-NPHFRS approximation space (Е,ћ) are two SV-NPHFRSs, which are denoted 
by Э(А) апа 3(A) and defined as, 

А, 


IA) 


S(A) 
S(A) 


(Ф, ts, O Eus, ) lo e Е| 1 


[(0, vesn (В Erg, Mayr (Ө) отеу, Гад ась) е F|, 


(д/с, Үс. (Ө/фс. 


(А) “ (А) 


where 


Ur 


еб, = V |0,0) V vaw) V [8.09.0 V 00). 


XCF XCF 
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Ag (O)/Tt = ле, A ^«00]/ Д [= 212221 
Veg (O)/Et = ^  С211221 VAI [E40 ^ B00], 
Ana (®)/T = Умелае УІ [а (Ө, с) V Ta]; 
ТЕКСЕРЕ V | Үл Ө, V Tat] N [Ө о V 9,00), 
Үг00)/8 = ^ [пае A Ta] VAI [вае / Фь0д|, 
xe xe 
such that 
0 < (тахи, (9) + (minag (0))) + (тіпте (®))) < 3 
and 


0 < (minws (9) + (max(Ac. (0))) + (шах(А,,, (9) < 3 


As (S(A), S(A)) are SV =NPHFRS, Ў(А), (A) : SV - NPHFRS(F) > SV = NPHFRS(F) are 
upper and lower approximation operators. The pair 
= Ө, (и ,(®)/ Же,» Ағ,,(0)/ оғ,» Yisa (O)/ 0v | 
В А) = 5 А 9 A))= S(A) SA) IA) S(A) (л) (А) 9 EA 
(A) = (30); 34) | Ө, (vi, (O)/Btg, Ас, (Ol mss Үс, ӨМ) | 


5(А) S(A)? S(A) S(A) IA) ) 


will be called S V-neutrosophic hesitant fuzzy rough set. For simplicity, 


acn, = Í OQ Vw ONE Aa Otan Tra Id. 
(ve, (0)//Etz, А, (Ө) ат, Те (0)/4t5, IO € ^ 


5(А) (А) 5(А) (А) JA) 5(Л) 


is represented as 


МА) = ((#/б, 0/8,0/3), 0/5, A/@, 719) 


апа is known as SV-NPHFRSs. 


Definition 19. Here, we define the SV-neutrosophic probabilistic hesitant fuzzy rough weighted 
averaging (SV-NPHFRWA) AO by using Eq (2.2) as 


(Si, Баб) 
3.1 
vas 5 = P 
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ёт віў. 


U 1-І” (1-6) 1119 “| 
U 1-0? (1-6) meats} | 
и IE (Аз) оз, 
U пе. (Аз) /п? || | 
17:28 los Я 


y, II^ ,(9,) /ПР. ^ 
O5. ет 


фз. eós. 


Definition 20. The SV-NPHFRWG operator using Eq (2.3) can be described as 


(91:45:34 
(I Ig... 5) 


1-IP (1-A=) /IP T 
ieee ( ) т=1 $ 
та £05, 


U 1-1, (1-eg,)" д 


ll 

(= 

| 

== 

ES 

| 

» 
Ie 
= 
4" 
E 

| | 

Р Вэ гаа 


гт 

U Tem (1 - os.) IT ds, 
05, EY3, 
69, фз. 


Definition 21. The SV-NPHFROWA operator can be described as, using Eq (2.4), 


(3.2) 


(3.3) 


(3.4) 
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(51, Ja, ...., ,) 
| (5,,5,--3) | em 


Гт 
_ ПР < Р uw 
U 1-ma(1-&4, ) лк. 
&5 еи. (т) (т) 
Ат)” TAT) 


= 


гон CH. 
IAT) ЗАСт) 


U 1- цан (1 = ы. 1718 1 7 S (7) 


ёз лат) eren 


E ең 
JAT) ` JAT) 


Гт 
О тА) mao, 


e" ет. 
IAT) JAC) 


Sac) ЗАСт) 


= f (3.6) 
гт 
^ y п (Aye) AT m, 
Sac Еи 
Psim TIm 
Г. j 
2 Цин = м 
Код Ял 
Шы E 
IE (Yee...) IDs 
Тэс = 
Pa. Ў SA(T) 
Definition 22. The SV - NPHFRHWA operator, using Eq (2.5) is as 
(Si, Вы») 
3.7) 
| (I, З»... D ,) ( 
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Гт 
Р Р т 
U 1 Ы П... (1 ал Ss, | НЕ: 
&5 EU_ (1) 
AT) ЗАсту 


Sa) JA) 


Г- = 
U l- I (1 B 38) шилээр 


ёз лат) “усту 


E ең 
JAT) ` JAT) 


n 
U Hep ) AE. үс 


JA) JAT) 


А. ет. 
IAT) IAT) 


Barr) Tan 
- , . (3.8) 


U п (Asu) ` 7.19 


5 
^ ET DAC) 
JAT) ` JAT) 


ET 
SA(T) JAM) 


g | 
Гт 
n (е, Ў mts, 
U “Тегі зо / т-19;,0 
о- er. 
Sar) IAO) 
$= єф_ 
JA) IAO) 


Гт 


U цан (о...) 


ет 
£5 ACT) JAT) 


IT? 
Т=1 фу 


€ 
SA(T) | SA(T) 


(3.9) 


Einstein operational laws based on SV-NPHF'Ss 


The application of t-norms in FS theory at the intersection of two FSs is widely recognized. T- 
conorms are used to model disjunction or union. These are a straightforward explanation of the 
conjunction and disjunction in mathematical fuzzy logic syntax, and they are utilized in MCDM to 
combine criteria. The Einstein sum (Ф.) and Einstein product (®,) are case studies of t-conorms апа 
t-norms, respectively, and are stated in the single valued neutrosophic probabilistic hesitant fuzzy (SV- 
МРНЕ) environment as follows. 


N+S . TS NS 
 i«(1- 8) - ў) 


Based on the above Einstein operations, we give the following new operations on SV-NPHF 
environment. 
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Definition 23. Let Jı = (va, /5, + Ta, /т»,.74,/0,) and 52 = (ve, [Ss Tt, /у,, Үг, /ф, | be two 


SV-NPHFEs апа > О(є R). Then, 


( Bes (5458) 2 


бөл, арыз, 0) 
Eq єз, жәе 


A1 A2 
(Ta Гето») 
(1) 5,09, = Лето Азта d) 


T] ew, 026%), 
0102 
U (ae -01)1- lids) 
отете у», Sum 0) 
$1€6», 42€», 


ren mm 


ё eut, (62, (1) 
2163, 2268, 
АА» 
U Grae Гааз). 
(2) 5.9955 2| Ает єт, 0) 
лет), 4U2€0p, 
Y1+Y2 
U (Se /9:95) 
Yi 27 1266, (5) 
$1€6», .д>6ф;; 
d+) -(026" p= 
(йу -а-а m, 


2 (5D 750" 
ELEVA (y єв, ш 9 
1 1 


2A" 
(3) 73, = U (lm. 


А, ETa (b) Th 
207 
(2-01)"+@i)" я) 


N Te dy. 90 (кел 


2—£, yl Ын 
пеи, фла, (sF “AE 


04447-0-А77 _ (4 ._ A yl 
(4) 51-14 л. М (ск — (1 — Ада), 
Оу ЕТЕ Р 


^ 
(Ең 


(о) 1-00 _ (1 а 
е МОЙ /$1) 
слет ipte (1+01)"+(1-01) 


4. SV-Neutrosophic probabilistic hesitant fuzzy rough Einstein aggregation operators 


In this section, we develop several new Einstein operators for SV-NPHFRNs, namely the single 
valued neutrosophic probabilistic hesitant fuzzy rough Einstein weighted averaging (SV-NPHFREWA) 
operator, the single valued neutrosophic probabilistic hesitant fuzzy rough Einstein ordered weighted 


averaging (SV-NPHFREOWA) operator. 
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Single-valued neutrosophic probabilistic hesitant fuzzy rough Einstein weighted averaging operator 


‚р) be a collection of SV- 


Definition 24. Let J+ = | | - 
v, /8 


NPHFRNS. 
Г = (Гі, Ta,...., Tp)” are the weights of 3; € [0,1] with X^ Г; = 1. Then, SV-NPHFREWA: 
SV-NPHFRN? —SV-NPHFRN such that 


5 5 5 (T1.631) (T1.63,) Ф» 
зотон | Gi o | =} (Г..5.)(Г...5,) 9, ..9, 
шанг: МЕЛ (Жел 


is called the single valued neutrosophic probabilistic hesitant fuzzy rough Einstein weighted averaging 


operator. 


vu. [Е ,T. [о ,Y. [d 
(v. / 2: 3 2) 56, e = 1,2,.....,p) be a collection of SV- 


Theorem 1. Let J+ = 
T | (v. се юа /%,) 


NPHFRNSs. 


Then, we can achieve the following: 


SV -NPHFREWA| Or 3n 99 (4.1a) 
(35.95, 52523 3) 
% 
$5, U5, 


пи (165, ) -П” (1-6, у" AT = 
IP. (1465, ) + (1-е,)! 


Ag. erg. 
Us ETF, 


2° As.) " 


- = 4.1b 
T?_,(2-Ag_) I. (Аз) Do 
эё (As) 


Ag érts, I (2-Ag.) 7 ы. (As, ) 
U 


Ys. EM 
95, 95, 


zr (vs )" 


IP (2-1) "a (15) 
U 
Тэ, ESI 
фз. 695; 
п (Ys. ЇЇ 


ГП? (ф8 
Тээлийн 
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where Г = (T,,I5, ...., rO аге the weights of J+ with T + € [0, 1] with 265 I4 = 1. 
We will demonstrate the theorem by mathematical induction. For р = 2. 


Proof. 


x (ао) L. (T1.631) (11.63 Je. 
SV NPHFREWA| (9,.9.) E (12.25) (12.23) ; 


Since both (ri EN (01.25 1 and (12.32) (T23 jj is also a SV-NPHFRN, | Час | is 
a SV-NPHFRN. 


= 577% Я 
ГІ 
2( A. 
Ca) г: / 7, 
Ав, ETS, (2-^3,) +(As,) 
075, Є075, 


À > 
а 
Ф m 
42 
— 
T 
» 
а 
а 
= 
+ 
À 
> 
Ql 
e 
Ч 
cl а 
_——— re” аа а Se” Ne” 


Тэ, 665, (2-Тз|) Eu» 
$9, c6», 
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(г..5,)(Г,..5,) 


T [03 
^w (л л) 0” 
E 0,605, f 
T2 
2( A. 
( х) = Гоз, 
Ав, ETS, (2 Аз) (As,) 
3,645, 
r 
77%.) | /ф 
Г 5 
Ys, 5, (2-7 | ue) 2 2 
$5, E43, 
г 
UY 
( чы) Т; /фэ, 
Тэ, её5, (2-Т,) +(Ys,) 
9Ф5,Є05, 
Then 
(r ) (r ў 
ЗУ - NPHFREWA [ ChS IBI i 13.) @» 
5) (Г,..5 E JS 225 
(oss) i-s) (isis, '-(1-ё)" 
-T 7/55 9 EE = r / Es , 
аеш, (1 £s) (1-6) : | ЕСІ (1465) 14(1-6в,) =i 
Eg, eEg, Zg, EES, 
гү А 
^s) 4з)" 
= Ag Єтє ГІ й Fes, As,€rs, (2-A 5 “(А ) us SUE 
5,679; (2-45,) лғ) 515% 51 3 
са EWF Tg, EWY 
897, E 
гү " 
2 Ys 2(ї» |! 
9 en) T; /$5, са) T; /фз, 
Ts сё, (2 Ж) Hrs) Yg cés, (2-Үз,) (7%) 
95,995, $3, €ós, 
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Гэ T2 
(на) A5] [Ex (trés) i 155 
өз, (res rs] et, (ren) Asa) 
Eg €E5, 55,65; 
2(^з„)'? А ITs U (As)? = | 075) 
2 * 
Ag T3, (2-As, ) ^ *(^s,) : Ag, ETS, (2-A3,) ^ «(^s;) ў zd 
ез, саў, T3, ETI, 
T2 
Ts ) ATs іка 
a eae Т» / дз, 0 = m Y i ] $5, 
Ys, eds, (2 Ts, | ЧЭ, Ys, €€3, (2-Ys,) “Ұз, 
95, 95, $s, E$, 


ts) в Ut) 41-58) í 
(7m) ^. (855) 4 


= =) 1-6, 
8169,» в, E83, 1+ | 31 
£69, Eg, Eg, ( 


[m - (is, ү? | /Es, Ез, 


“5—81 


| 4] а! bs i 
(^s, MN (ль, +(43,) і 


Аз, ETS 5, ETS, 1411 (лэ, J 1 Aas)? 
^g Erg, TS, ETS, ( ) LE | 


| al" а! ra, P” Я 
(^ ШЕЛ) | (-т5, 250) i 


/Ф5 фз 
Үҙ 661-0163, Arg, ) ! 4,3) хан 
1-11 EA 1 
Ys, “5, $85 БАЯ Ч ( p га ( Йй 
5 
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вана Ў (e 


йө нү Ey, (з), 


дек ELI «Зе 
1784 8, 95 


| EC EC EUER 


é1€ug, Ey, €Eg, (1565, А (нб, jn +(1-€3, n «1-6, |? 


feug, g, E9, 


Г] I5 / 75, “а, 


ГІ T2 
" Гм.) 
СЯ 2 ri T2 
Аз, €Tg 05 6%, (2 ^s) 42 Аҙ, ^5) . ) 


М. 
[I 
а 
[I 
| ЕЗ 
“Халим” “ид AT телек i ЖЫШ n 


Ag, 755475, EUS, 


Үз вёў 9 €ós ГІ T2 а 2 165,95, 
s, és, fs, 9з, (2 т) «г 15.) тз) 48) 
Тв, $5, 95, #5 


Ys.) (т)? 
- ( »,) 1 з.) = 5 /Фз,0в, 
Үз, 65, 63, “08 (2-Y3,) '-e(2-Yg,) Үзу) (X3) 
Үр, £9, 952999; 
Thus, the result holds for p = 2. 
Assume that the results holds for p = y 
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(S 1, NUR 


SV - NPHFREWA 
| (3,3, тео 


(А ) mar)" Pdl 


к 


IE (1+ég,) “ЭЕ (1-6 ) 7 / 7-1 Эт 


эпе. (лз) 


TH_,(2-Ag_) ' не (А5-) 


65; 985; 
Гт 
X 
жк ( s.) 2 да 
Гт Гт T2188, 
IK (2-7; IK (Y 
Ta^ 157) tris. 
Ys, 3, 
фэ. EOS, 
IT 


E 
а 
<j 
m 
ШЫ 
а 
1 
Ма.” анс” a ФФ 


Now we will prove for p = ж + 1 


SV = NPHFREWA ((91,93.....З,ҺХ9,,5,,...5 20) 


(31, 32, .... Se) | 


= SV- ОЛ, 5\5, ..5) De Гуа Jyri) Геле) 
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TE (1465) '- (1-6) Д s 
Г. Г. -j 
“теу, m (i+) on M ые 
Бу S33, 
9 
() абы Ў” у ш, 
азы Ш.Пнь)“н (cg Ла 
Ез EES, 
Ы „ыш 
Ag ere рак Ў ame ine) Look T 
= Us €Us. Ф 
> 
211 (As) T /П Os 
As. Malta emos.) 707 
Wg, ETI 
ant (rs, )" 5 
г : Гт IÉ 165 
es TH (2-Y5.) "ық (Үз) ў 
Sr S69. 
ont, s" ` 
U x TT 2 LT [ITE 63, 
“таг IK. (2-Үз.) ПЕ (vs) 
56651 


г г 
хы хы 
(на) 41664) 


T 
gnos, (196) 


=y +1 €28,54 


U (е. ЇЕ doa ye 


EEU 146 ХОРТ pen 
бүч! Sv Зұн SS kl 


T7994 EES 1 


жн жн 
UU, 898, 
€ 2) 
| pu 
NI 
хн 
Ген [05 +1 
Аз ЄТ ул x+1 E 
+17 УХ 2-^s 1 ҢА 1 
Os EWY x+ x+ 


Г, 
Т9 C691 (2-75 Ши ) 
ф еф хн хн 
Зұн Зұн 


U AAs ye [шу 
T Гү+1 Зул 
Ag, LETS (2-^s ) “Эм ) 
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T F 
U IE (1465, ДЕ mené) me Бо 
ÉrEVZ, TEE (+é) Tat (1-65) Бага 
55-6851 
pH Prope гт 
II^ (163, ) -ti (1-é5,) mme! Es 
Г Т. -1"" 
гез, ТЕЗ (I+és,) HAE (I-€s,) 7 сийн 
Eg, 625, 
(л) 1 
U еі Эг pm Гт К, 5 
Ag ёту, ПЕ (2-А;,) ЭН Ag.) 
Us €Us. 
= or?! As Гт 
U +1 aA z 3 Гү (N шиг 
шэг s (2-A3,) HES (As) 
л)" x 
T F 
U үзі Гт бл Ur / т-108, 
Ys, 65 ne (2-Ys.) HE (Ys ) 
ом 
рта)" а 
U "m EU rr Фф 
Ys ёз, nt (2-Ys,) шин) 
фз ат ФЗ 


Thus 


4 4 
22 Se Se D 


п (в) os, )" /П? = 
вая, Tapes) mauu) TE 
Бу 33, 

пы)" malien)" Ar Es 
себін, Walita) manm.) 11 “т 
Es, Ey, 

әп? (Ag. ) ” " 
U TT - Гт Пт 
Ав, ёту п» (2-44.) HE (Аҙ) 
D Us £05, 
ont (ла) Р 
U Гт 7 à ET. ІП Өз 
2960 пи 1(2-Аз ) шингээ) 
TJ, TJ, 
2п (vg )" 
U M Р 103 
“р Ге 
Үз 65; П (2-1 ) mars ) 
9,69, 
a(s) " р 
U и г =193 
Үз вёз. m (2-Үз,) " «m (т) Ч T 4 
$3. 065; 
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There are some properties which are fulfilled by the SV-NPHFREWA as follows: 


vu. [E ‚т [о , Y. [d 
Theorem 2. Let J+ = | А, Га, ,/%,) (T =1,2 
(v. /5.›т, [ns T, Js. 
be a collection of SV-NPHFRNs, Г = (1,1, ЖӨН Еш are the weights of 3+ with T+ € [0,1] with 
Р (Гт = 1; then we have the following: 


(1) Boundary: TI T 
= 8,8,.5.8)| (rae 
(PO) «sv - weanzwa | orto n | (5918) 


where 


тах тєр шах, ет, Аз. / Dp, Dp, Dp, | 


—— 


min;«r«, min Ла [TD T, ..... T 
1<т<р MINA er, As /@, ©, т, 
(тахт, тахт её, Ys./6 ф, а Ф, 
T 
(miniers miny, ea, Тэ, Б. 42 р, 
(пах т» max; ер, Ey, |En, EnEn, ) 
29-07 т 

9 

(minier pming, ev, 97, / 3,5, sE) 


ТЇП <т<р minx, en, Аз, Га Wb, ..... 217 | 


SS 


MaX1<T<p TAXA: ET 
т 


Жа. Бақ T, ..... T ) 
бт Ag. / perpe 

(mini. ? шіп, qo Y5./ Ф, Po, Pp 
(тах. р Тахт, coy Ys. Ib, 5, кен b, ) 


ШЕР minz en, бэ, 127 E, ose ЯЬ, | 
, 
(тах, тахо. 278 аз, [S E, ы, | 


= v. [2z T. fOp sl /ф; 
(2) Monotonicity: Let (91.355) = | а 23 | ү He | (T = 1, 2, 
br F d 2 br —T ? br ёт 


Бе a collection of 5У-МРНЕБХӨ. If (91, S 2 < (5. y `) , While the probabilities are same, then 


SV —-NPHFEWA(S,, Ў», ...., Ўр) < SV - NPHFEWA(3], 35, ...., 55). 


Proof. Let f(s) = с е (0,11. Then, / (9) = deo < 0, so f(¢) is a decreasing function. 


La | max (ës) | _ (тахт, maxz, cy, (82) 


and 
max (a ) al : 
Qs. піП <т<р mins, (г...) 
> 
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| min (£s. ) |- (miniers, шэг (е) | 


(тах, Таха, ev, (as.)) 
т 


(as. ) < min(ag.) forall T = 1,2,......p) 


f(max (Z5,) < (E5,) < fmin (£5, )) forall т = 1,2... p 
ау) < (as.) < f(max (as..)) forall T =1,2,....., p 


| ші) <l) male, forall T = 1,2,...... p) | 
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(1 +min@,,)) < ——2— < (1 + max (ës, )) 


Nu 
+ = 
EE tail 197 


lc + max(a )) « (заў < (1 + min 20 
1-1 (= 


min (é5,) е = 1s max (E5,) | 
ац 
=> т-1 Әт 


Ё (е...) < БЦГ —1<min is) 


12 = р га, 
ag) М 
min < = 7 
7 > É (ës) а-в)" 


П (1+a5,) 7- П (1-а.,)” 
(as) 


Z] 
— 
E> 
+ 
R 

а 
ne 
Z 
3 
+ 
= 
—. 
= 
1 
R 
а 
хэвт 
З 
4 


Thus, 

(48))7-1 0-8 07 

П 0887-10-67 
(Іна, )" -n (1-as.) 7 


= "7" = < mina 
E T =J 
(T “П (1-ag,) " | 


Z] Tos 


22 Ë < 


< max a 


І 


4 
"| 


[s аў < 
Е 


E 
1 
! 


Consider g(y) = => у е (0, 1]. Then, g’(y) = = i.e., g(y) is a decreasing function on (0, 1]. 
Let 


(тахт р MAXX, ст), Аз. | 


тах(Аз,, Ау.) = | | ; 
(mini<r<p mina, ery, Аз.) 
ШЇП «тер ШІП, с. Аз.) 

min (As, А; ) - | этет. : 
(maxi<r<p IDAXA. erg, Na) 


As. 
Ag 


for all T = 1,2,....., p 


for all T = 1,2,....., p 


As, 
Аз, 


for all T = 1,2,....., p 


f 


max (Аз.)) < g (As.) 58 (min 
min (As, J) < 8 (A, ) < 8 (max 


2-max(Ao.) _ 2-(8.) _ 2-min(As,) 
eres “motes | 


forall T = 1,2,....., p 


max(As.. ) Е (455) Б min(As.) 
( 2-min(As.,) < 2-(Аз,) « 2-тах(Аз..) ) 
mi(As.) T (As) 7 ma(^s,) 
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(meg) са 
(2555) << SS) 
(шеу «БЕГ А) 
WES sic) sf (5) | 
ЇЕ sh) «(xe ТЭ) 
(ў 40084 (22) | 


2-max(As.) P f2 Ag, й 2-min(As-) 
| z69)« f (2) (е | 
2-шің(А;.) р (2-Аш Мт (2-max(As.) 
| min(Ag.) ) < i Ag, ) <( max(Agz..) ) 
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5. Multi-attribute decision-making methodology 


We present an approach for dealing with unpredictability in multi-attribute group decision- 
making (MAGDM) with single valued neutrosophic probabilistic hesitant fuzzy rough (SV-NPHFR) 
information. Consider a decision-making (DM) issue with a collection of variables (Ф, Ө», ...... ‚ Ө„} 
of n substitutes and a set of n attributes сі, Сугу; Ê) with (wi, W2,....., Wn)! the weights, that is, w; € 
(0, 1], Ф; м» = 1. Also, consider a probabilistic terms E. суу, and ф,, such that &? ,E; = 1,8; (р = 1 
and Фу (фе, = 1 with the property that O < 24, фу, we < 1. To test the validity of КЁ substitute Ө; under 
the the attribute C;, let (D 1, D », ...., D +} be a set of decision makers (DMs), and (01,02,...., с»)! be 
DMs weights such that c; € [0,1], Ф; (о; = 1. The decision professional information of a certain 
decision support problem is given as follows: 

м = [Заў] 


тхп 
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(IAD IAD) (IA), Аы) `> (TA) IA) 
(36450, Ia) (90А), (Ам) >>> (96822. IMa) 
= | (5(Ам),5(А40) (IM), (Аа) >>> (Аз), (Аз) |, 
(SA), (А). (TAD). А») >>> (IA), SA) 
where 
TA) = {(Ө, ve, (O Era Ас, OTga Té O/a € О} 
and 


(Aj) = (8, (9) Begin)» А (O)/ 07,4. Tean (9)/80,,) 10 € Q] 


such that O < (шах(у;, (Ө))) + (min(Ar, (Ө)) + (min(T,, (9) < З and 0 < (min(v;,,,(9)) + 


(тах(А/,,,(6))) + (max(Y;,,,(9))) € 3 are the SV-NPHF rough values. The algorithm steps are 
described as follows for decision making: 


Step-1. Construct the assessment matrices for the experts as follows: 


(лт). болт) (SAL) SATI) => (SATI. SAT) 
(5045), блр) (BADA) -- (80440604) 
(E) = (3(A3,), 5(A3,)) (3(A3,), 5(A3,)) ша 2237) 
(SAL). 66420) (SAL). 60А53) >- (жасар) 


where T shows the expert numbers. 


Step-2. Conduct an analysis on the normalized version of the experts’ matrices (ЇЇ) , as follows: 


(ну = | ICA) =(S(Ay). J (Ay)) ^ if For benefit 


(зар) =((S(Ay)) ,(S(Ay))) if For cost 
Step-3. Use novel list of algebraic AOs to determined the collected decision making expert 


information. 


Step-4. For each option under consideration, compute the aggregated SV-NPHFRNs by evaluating 
them to the given set of criteria and characteristics. 


Step-5. Calculate the relative importances of various options using a scoring formula. 


Step-6. In decreasing order, place all of the alternate ratings. When it comes to alternatives, a bigger 
value indicates superiority. 


The algorithm steps for multi-attribute decision making are given in Figure 1: 
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| Step 5 is substitute 
step 


Figure 1. Algorithm flow chart. 


6. Case study 


Sensor and data technologies: The social, economic, and political spheres are becoming rapidly 
digitalized. Agriculture, particularly livestock production, is one of the sectors of development 
that calls for the use of emerging technologies as the world enters various streams of technological 
progress. However, knowledge and skills are generally lacking, especially in underdeveloped nations. 
Therefore, it is essential to close this knowledge gap by gathering data and disseminating it to a broad 
audience in order to spur additional research in the area. It is vital to think about the potential use 
of these technologies in the period following the introduction of sensors for broader applications, 
such as the assessment of rangeland condition and animal production. The application of precision 
agricultural procedures for livestock, including individual animal behavior, grazing conditions, health 
conditions, and feed intakes, benefits more from technological advancements. It is crucial to evaluate 
the state of both rangeland resource conditions and livestock grazing behavior for grazing cattle. АП 
around the world, rangeland resources are crucial to the production of cattle. Due to changes in the 
environment and management practices, forages and pastures are dynamic in terms of quantity, species 
composition, and chemical composition. For improved management and exploitation, the rangeland 
resources need to be evaluated and tracked. Traditional evaluations that involve mechanical or manual 
counting, identification, and chemical composition are time-consuming and labor-intensive. Under 
field conditions, sensors can be used to monitor the quality of grazing grounds, but they can also be 
used to better manage grazing stock by gaining an understanding of how animals graze. It is essential 
to comprehend current technology, such as sensors or bio sensors, in order to supplement or replace old 
procedures. The goal of this research article is to raise awareness of the technologies that are currently 
available and their applicability to rangeland resources, particularly in tropical rangelands. In most 
situations, GPS devices are used in the tropics to evaluate solely the status of the rangeland without 
taking the grazing cattle into account. The assessment further clarifies the significance of sensor 
technology for quickly and easily detecting changes in cattle health and movement at the field level. 
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Sensors (bio sensors), like any other technology, have limitations, such as measurement accuracy and 
repetitive data complaints. However, the assessment clarifies the usage of sensor technology, which 
saves time and energy in animal production that would otherwise require a lot of it. 


Numerical example 


The applications of the suggested methodologies in this research are illustrated and their viability 
and efficacy are shown using an example concerning investment possibilities for a MADM problem 
that has been adapted from experts. In Figure 2, some views of cattle farms are shown. 


Assume that a standard MADM problem Cattle farm evaluation of developing technology 
commercialization—needs to be resolved. Ф], Ф», Өз and ©; on a panel represent four potential 
developing technology such as, Sensor and data technologies, robots, temperature and moisture 
sensors, aerial images, and GPS technology respectively. Four factors must be taken into account while 
making a decision: (С) Technological development; (С») Risk premium and prospective markets; (Сз) 
Environment for production, human resources and financial circumstances; and (C4) Opportunities for 
employment. 


| Ta ый T 


Ч 


ae aE 


теле 


Figure 2. Views of cattle farming using technology. 


Step-1. The information of professionals are given in Table 1(a)-(d) in the form of SV-NPHFRS. 
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Table 1(a). Expert details. 


С, Ê, 
(0.5/0.5,0.2/0.5), (0.3/1.0), 
(0.6/0.6,0.3/0.4), | (0.9/1.0), 

ò (0.3/1.0) (0.1/0.3,0.7/0.7) 
(0.9/1.0), (0.4/1.0), 
(0.6/0.8, 0.5/0.2) | (0.2/1), 
(0.2/0.3,0.5/0.7) (0.7/1.0) 
(0.4/0.1,0.6/0.9), (0.8/1.0), 
(0.7/1.0), | , (0.2/0.5, 0.5/0.5) , 
ө, (0.8/0.4, 0.9/0.6) (0.9/1.0) 
(0.3/0.2,0.5/0.8) , (0.6/0.3, 0.7/0.7), 
(0.1/0.5, 0.6/0.5) | (0.2/1.0), 
(0.8/1.0) (0.5/1.0) 

Table 1(b). Expert details. 

С; C, 
(0.4/0.8, 0.5/0.2) , (0.2/1.0), 

(0.6/1.0), , (0.3/1.0), 
ө, (0.4/1.0) (0.2/0.4,0.3/0.6) 
(0.9/1.0), (0.9/1.0), 
(0.6/1.0), (0.6/0.4,0.3/0.6), 
(0.1/1.0) (0.3/1.0) 
(0.2/1.0), (0.9/1.0), 
(0.6/0.7,0.3/0.3), |. (0.4/1.0), 
Ө, (0.4/1.0) (0.4/1.0) 
(0.2/1.0), (0.5/1.0), 
(0.8/1.0), (0.3/0.6,0.4/0.4), 
(0.2/0.2,0.5/0.8) (0.4/1.0) 
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Table 1(с). Expert details. 


С, Ê, 
(0.5/1.0), (0.5/0.7,0.2/0.2,0.9/0.1), 
(0.6/0.6,0.3/0.4), ||. (0.3/1.0), 
2 (0.3/0.7,0.4/0.3 (0.3/0.2,0.4/0.8) 
1 (0.5/0.5,0.2/0.5) , (0.7/0.3, 0.3/0.7), 
(0.3/1.0), (0.3/1.0), 
(0.8/0.2, 0.9/0.8) (0.3/0.6, 0.4/0.4) 
(0.2/1.0), (0.2/1.0), 
(0.8/1.0), ||. (0.6/0.4, 0.4/0.4, 0.3/0.2), |]. 
E (0.4/1.0) (0.4/1.0) 
ў (0.2/0.4, 0.5/0.6) , (0.9/1.0), 
(0.3/0.6,0.3/0.4), (0.3/1.0), 
(0.1/1.0) (0.7/0.2,0.1/0.8) 
Table 1(4). Expert details. 
С. ©, 
(0.9/1.0), (0.5/1.0), 
| (0.4/1.0), | | (0.3/1.0), | 
5 (0.1/1.0) (0.4/1.0) 
3 (0.2/1.0), (0.5/1.0), 
| (0.9/0.7, 0.3/0.3) , | | (0.2/0.6,0.4/0.4), | 
(0.3/1.0) (0.4/1.0) 
(0.2/1.0), (0.2/0.8, 0.5/0.1, 0.2/0.1), 
| (0.1/1.0), | | | (0.6/1.0), | і 
ó (0.5/0.3, 0.3/0.2, 0.4/0.5) (0.1/1.0) 
4 (0.8/1.0), (0.5/0.6,0.2/0.4), 
| (0.7/0.6,0.4/0.4), | | (0.6/1.0), | 
(0.4/1.0) (0.3/0.2,0.4/0.8) 


Step-2. Expert opinion is of the beneficiary type. As a result, we don’t need to normalize the SV- 
NPHERNs in this context. 


Step-3. In this problem, just one professional is evaluated for the collection of questionable data. As a 
result, we are not obligated to detect the information gained. 


Step-4. The SV-NPHFRWA operator is used to evaluate the alternatives’ aggregation details under the 
given list of attributes: 
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Г = (0.34, 0.55, 0.11)", we obtain the overall preference values О, of the alternative L(y = 


1, 2, 3, 4) by utilizing the suggested SV-NPHFRWA operator. 


For illustration, 
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Step-5. Score values of all alternatives under developed aggregation operator are presented using 
Table 1. The Score values are presented in Table 2. 


Table 2. Score values. 
Operator s(O,) s(O,) 5(Өз) 5(Ө,) 
5 V-NPHFREWA 0.1517 0.1248 0.1402 0.1419 


Step-6. Categorize the alternatives. O,(y = 1,2, ...., 4) are listed in Table 3. 


Table 3. Ranking of the alternatives. 
Score Most Effective Alternative 
8(Ө|) > s(O4) > s(O3) > (Өз) Ө; 


Operator 
S V-NPHFREWA 


We determined from the preceding mathematical formulation that choice ©, is the best option 
among the rest, and it is therefore strongly recommended. 


6.1. Discussion and comparative studies 


The viability of the proposed process, the adaptability of its aggregation to handle certain inputs and 
outputs, the influence of score functions, sensitivity analysis, superiority, and, finally, the comparison 
of the proposed methodology with existing methodologies are all covered in this part. Also present 
the relationship strategy between alternatives and crossposting criteria using quaternion relationship 
function are presented. The suggested approach was exact and appropriate for all types of input data. 
The framework that was developed worked well for handling uncertainties. Using Einstein AOs, 
it contained the PHFS, RS, and NS spaces. We may effectively employ our model in a number of 
scenarios by extending the gap between the pleasure and displeasure classes by altering the practical 
significance of particular parameters. We faced a variety of elements and input parameters under the 
appropriate conditions in various MCDM problems. The suggested approaches are straightforward, 
easy to comprehend, and easily adaptable to a wide range of options and attributes. It should be 
highlighted that none of these theories provide a comprehensive explanation of how to handle a 
scenario in which the attributes are intertwined. The effectiveness of the aforementioned MADM 
tactics was further confirmed through this comparative analysis and relationship function with other 
approaches. 

Example: We take into account four records of the cattle-forums that are cited in Table 4 data. 


Table 4. Quaternion neutrosophic fuzzy relation 5 (cattle-farm— Alternatives). 


5 9; 52 Ө» 9, 
Forum-1 | (0.8,0.3,0.6) (0.4,0.6,0.9) (0.9,0.8,0.6) (0.5,0.5,0.8) 
Forum-2 | (0.3,0.4,0.8) (0.5,0.3,0.6) (0.7,0.9,0.9) (0.8,0.9,0.3) 
Forum-3 | (0.3,0.2,0.2) (0.1,0.6,0.8) (0.9,0.3,0.4) (0.3,0.6,0.9) 
Forum-4 | (0.6,0.4,0.8) (0.3,0.4,0.1) (0.2,0.6,0.1) (0.8,0.3,0.9) 


AIMS Mathematics 


Volume 8, Issue 9, 20612-20653. 


20648 


We take into account four entries that are cited in Table 5 data. 


Table 5. Quaternion neutrosophic fuzzy relation T (Alternatives—Criteria). 
T С, C, С; С, 
©, | (0.3,0.5,0.9) (0.7,0.8,0.9) (0.6,0.7,0.8) (0.9,0.3,0.5) 
Ө, | (0.6,0.7,0.7) (0.8,0.3,0.4)  (0.7,0.3,0.4) (0.5,0.6,0.7) 
Өз | (0.9,0.6,0.3) (0.7,0.8,0.3) (0.0.8,0.3,0.1) (0.8,0.6,0.2) 
©, | (0.8,0.3,0.7) (0.9,0.3,0.4) (0.7,0.3,0.22) (0.6,0.4,0.5) 


Тһе Table 6 shows the relationship between Table 4 and Table 5. 


Table 6. Quaternion neutrosophic fuzzy relation R (cattle-farm—Criteria). 
R Ê, Ê, С, C, 
Forum-1 | (0.9,0.5,0.6) (0.7,0.5,0.6) (0.8,0.4,0.6)  (0.8,0.3,0.6) 
Forum-2 | (0.8,0.5,0.5) (0.7,0.3,0.4) (0.7,0.3,0.5) (0.7,0.4,0.5) 
Forum-3 | (0.9,0.5,0.4) (0.7,0.6,0.4) (0.8,0.3,0.4) (0.8,0.3,0.3) 
Forum-4 | (0.8,0.6,0.3) | (0.8,0.6,0.3) (0.7,0.3,0.3) (0.6,0.3,0.4) 


In the Table 7, We find the results of relationship function. The results are found using the following 
formulas on quaternion neutrosophic numbers: 


Er(Pi Fi) = \/[&т(Р„Т) Л ET, Бу) 


565 


Tr(Pi Ед = /\[тт(Р,Т) М тк(Т, БО) 


565 
Үт(Р, Fi) = /\ГҮт(Р T) У ҮТ, Ед]. 
565 
After getting the information relationship of (cattle-farm—Criteria), we apply the following formula 
on the neutrosophic quaternion numbers to obtained the Table 7. Sp = £g — Ўк.Өр by following the 
rule of the quaternion numbers, ij = k, jk = i, ki = j. 


Table 7. Results of relationship. 
â б б 6, 
Forum-1 | 06 04 0.56 0.62 
Forum-2 | 0.55 0.58 0.55 0.5 
Forum-3 | 07 0.46 0.68 0.71 
Forum-4 | 0.58 0.62 0.61 0.48 


In this Table 7 we can find that, form cattle-farm-2 апа cattle-farm-4, the best criteria is С». For 
cattle-farm-1, C, is best, and for cattle-farm-3 the best option is Êu. 

In particular, the comparison study was based on the same example situation, where the weight of 
the traits was the same as above. Table 8 below shows the results utilizing multiple approaches and 
complete weight data. We apply the single-valued neutrosophic probabilistic hesitant fuzzy Dombi 
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weighted averaging and geometric (SV-NPHFDWA and SV-NPHFDWG) AOs [34], single-valued 
neutrosophic probabilistic hesitant fuzzy weighted averaging and geometric (SV-NPHFWA and SV- 
NPHFWG) AOs [35], and single-valued neutrosophic probabilistic hesitant fuzzy rough weighted 
averaging and geometric (SV-NPHFRWA and SV-NPHFRWG) AOs [36]. 


Table 8. Comparison analysis. 


Operators Score Most Effective Alternative 
SV-NPHFDWA Undefined No Outcome 
SV-NPHFDWG Undefined No Outcome 

SV-NPHFWA Undefined No Outcome 
SV-NPHFWG Undefined No Outcome 
SV-NHFROWA (Defined) Undefined No Outcome 
SV-NHFRHWA (Defined) Undefined No Outcome 
SV-NHFRHWG (Defined) Undefined No Outcome 
SV-NPHFRWA 5(Ө,) > «(Өз) > (Ө;) > s(04) 5(01) 
SV-NPHERWG s(04) » 5(Ө1) > 8(Өз) » 5(Ө-) s(04) 
SV-NPHFREWA(Proposed) | 54Ө,) > s(@4) > s(@3) > s(@2) s(04) 
SV-NPHFRWG (Defined) 5(Ө,) > s(@3) > «(Ө,) > s(®2) 5(Ө1) 


The desirable alternative is therefore s(@,) when the SV-NPHFREWA operator is employed. If 
another types of procedures is used, the best option is s(@;). For all of the compared methods, the 
worst alternative is always s(05). The other operators failed to give output because our information 
had rough data that cannot be handled by other operators. The results show the effectiveness and 
viability of the SV-NPHFREWA and SV-NPHFREWG operators utilizing the compared methods and 
the suggested method in this paper for the identical single-valued neutrosophic hesitant fuzzy rough 
information. 


6.2. Limitations of the present work 


The SV-NPHFRE-AO) has a number of benefits for decision-making, but there are also certain 
drawbacks and concerns to take into account: 


e SV-NPHFRE-AO is a complex method that requires a deep understanding of the underlying 
concepts and mathematical operations. This can make it challenging to apply in practice, 
particularly for decision-makers who are not familiar with advanced mathematical methods. 

e SV-NPHFRE-AO requires a significant amount of data to be effective. This can be a limitation in 
decision-making situations where data is scarce or difficult to obtain. 

e There is currently no standard approach to using SV-NPHFRE-AO in decision making, which can 
make it difficult to compare results across different studies or applications. 

е SV-NPHFRE-AO is a subjective method that relies on human judgment to some extent. This 
can introduce bias and inconsistencies into the decision-making process, particularly if there are 
differences in opinion among decision-makers. 

e SV-NPHFRE-AO сап be difficult to interpret, particularly for non-experts. This can make it 
challenging to communicate the results of the decision-making process to stakeholders or other 
decision-makers. 


AIMS Mathematics Volume 8, Issue 9, 20612-20653. 


20650 


е SV-NPHFRE-AO may not be scalable to large decision-making problems due to the complexity 
of the method and the amount of data required. 


The limitations and issues of SV-NPHFREA in decision making should be carefully considered 
before applying the method. Decision-makers should ensure that they have the necessary expertise and 
data to use SV-NPHFREA effectively, and that they are aware of the limitations and potential biases 
inherent in the method. 


7. Conclusions 


We deal with significant and technical data every day. To work more efficiently and compute full 
information, we developed methodologies and tools for this type of data. Aggregation entails inherent 
costs to reduce the volume of data to a single value. For situations where each item has a range of 
probable values specified by MD, indeterminacy, and non-MD, the SV-NPHFRE-AO was created as 
a potent fusion of an SV-N, PHFS, and RS. More information about these techniques’ advantages is 
provided below. 


(1) First, we’ve established some SV-NPHFRS operational standards based on Einstein operations. 


(2) Due to the significance of operating procedures, the weighted averaging and geometric Einstein 
aggregation operators have also been designed to deal with SV-NHFR data, including SV-NHFRA 
and SV-NHFRG aggregation data in decision-making issues. 


(3) Then, we designed the the weighted averaging Einstein aggregation operators to deal with SV- 
NPHFR data, including sv-neutrosophic probabilistic hesitant fuzzy rough Einstein weighted 
averaging (SV-NPHFREWA) aggregation operator. 


(4) A number of helpful characteristics have been demonstrated for them. 


(5) The MCDM techniques proposed in this paper are also capable of recognizing more correlation 
between attributes and alternatives, demonstrating that they have a higher accuracy and a larger 
setpoint than the existing methodologies, which are unable to take into account the inter- 
relationships of attributes in practical uses. This shows that by using the MCDM methodologies 
outlined in this paper, even additional links between features may be discovered. 


(6) Proposed AOs could be used in studies of two-sided matching decisions with multi-granular and 
incomplete criterion weight information, as well as studies of consensus reaching with non- 
cooperative behavior management. This analysis of the constraints imposed by proposed AOs 
does not take into account the degrees of participation, abstention, or non-membership. Over here, 
the intended AOs are being implemented with a novel hybrid structure of prioritized, interactive 
AOs. 


(7) Future work will use state-of-the-art decision-making methods like TOPSIS, VIKOR, TODAM, 
СКА, and EDAS to examine the theoretical basis of SV-NPHFSs for Einstein operations. We 
will also talk about the ways in which these techniques are used in other areas, including soft 
computing, robotics, horticulture, intelligent systems, the social sciences, economics, and human 
resource management. 
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